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Abstract
We describe space-time using split octonions over the reals and use their group of
automorphisms, the non-compact form of Cartan’s exceptional Lie group G2, as the
main geometrical group of the model. Connections of the G2-rotations of octonionic
8D space with the conformal transformations in 4D Minkowski space-time are studied.
It is shown that the dimensional constant needed in these analysis naturally gives the
observed value of the cosmological constant.
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The algebra of octonions [1–3] is interesting mathematical object for physical applications
(see reviews [4–7]). In our previous papers [8, 9, 11] it was suggested to use split octonions
as a universal mathematical structure in physics (instead of vectors, tensors, spinors, etc.),
since many properties of the physical world find proper descriptions in terms of the features
of the algebra.
In our approach world-lines (paths) of particles are parameterized by the elements of split
octonions over the field of real numbers [8, 9],
ds = dω + Jndλ
n + jndx
n + cIdt (n = 1, 2, 3) (1)
(a pair of repeated upper and lower indices implies a summation), where t and xn denote
the ordinary space-time coordinates, and ω and λn are interpreted as the phase (classical
action) and the wavelengths associated with the octonionic signals, respectively. The eight
octonionic basis units in (1) are represented by one scalar (denoted by 1), the three vector-like
objects Jn, the three pseudo vector-like elements jn and one pseudo scalar-like unit I,
J2n = −j2n = −I2 = 1 . (2)
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The norm (interval) of (1) is assumed to be non-negative,
N2 = dsds† = dω2 − dλ2 + dx2 − c2dt2 ≥ 0 . (3)
The second condition is that the norm of the 7D vector part of (1),
V = Jndλ
n + jndx
n + cIdt , (4)
which appears in the dominators of the generalized Lorentz transformations [9], to be time-
like,
V 2 = c2
(
1− v
2
c2
+
λ˙2
c2
)
≥ 0 . (5)
Here vi = dxi/dt and λ˙i are the 3-velocities and the rates of the changes of wavelengths
(generalized forces), respectively. Since the extra ’quantum’ term in (5) is positive, velocities
of particles with λ˙2 > v2 exceed speed of light, i.e. they are virtual. Thus we can introduce
the additional classification:
|dx| < |dλ| , (virtual regime)
|dx| ≥ |dλ| . (observable regime) (6)
The identification λn ∼ ~/pn, where pn is the momentum associated with an octonionic
signal, leads to the interpretation of the geometric condition (6) in the observable regime as
Heisenberg’s uncertainty principle [8, 9].
In this paper we want to study connections of the 15-parameter conformal symmetry of
the 4D Minkowski space-time with the transformations of the 8D octonionic space (3). In
4D the conformal symmetry is composed of the following three basic transformations:
1. Poincare´ transformations:
xν → aνµxµ + bν , (µ, ν = 0, 1, 2, 3) (7)
where aνµ and b
ν are the parameters of 4D rotations and translations, respectively.
2. Dilatations:
xν → cxν , (8)
where c is a dimensionless constant.
3. Inversions:
xν → L2 x
ν
xµxµ
, (9)
where L is some constant with dimension of length.
Note that the octonionic 8D interval (3) can be written in the 6D form describing a
(2+4)-cone,
L2
(
̟2 − l2)−XνXν = 0 , (10)
the linear Lorentz-type rotations of which are known to generate the 4D non-linear conformal
transformations (7), (8) and (9) [10]. To obtain (10) we used the fact that zero divisors
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(special elements of the algebra with zero norms) can be connected with the unit signals
(elementary particles [9, 11]) and we had introduced the new coordinates,
̟ =
1
L
ω , l =
1
L
√
λ2
1
+ λ2
2
+ λ2
3
, Xν =
√
2
2
(̟ + l)xν . (11)
In terms of the coordinates (11) conformal transformations (7), (8) and (9) can be written
in the form [15]:
1. Poincare´ transformations:
Xν → aνµXµ +
L√
2
bµ(̟ + l) ,
̟ → ̟ −
√
2
2L
gαβa
α
γ b
βXγ −
√
2
4
gαβb
αbβ(̟ + l) , (12)
l → l +
√
2
2L
gαβa
α
γ b
βXγ +
√
2
4
gαβb
αbβ(̟ + l) .
2. Dilatations:
Xν → Xµ ,
̟ → 1
2
(
c+
1
c
)
̟ − 1
2
(
c− 1
c
)
l , (13)
l → 1
2
(
c+
1
c
)
l − 1
2
(
c− 1
c
)
̟ .
3. Inversions:
Xν → Xν ,
̟ → ̟ , (14)
l → −l .
Now let us explore the relationships between the active transformations of the octonionic
8D space (3) with the conformal group in 4D. In general, 8D quadratic forms like (3) are
invariant under the group SO(4, 4) of tensorial transformations of their parameters. However,
if we want to represent rotations by octonions, i.e. to perform active transformations of
octonionic basis units, we need automorphisms [9]. The group of automorphism of split
octonions is the real non-compact form of Cartan’s smallest exceptional Lie group GNC
2
[12–
14], which is the main geometrical group of our model [8,9,11]. Infinitesimal transformations
of coordinates of (1), which correspond to the GNC
2
-rotations, can be written as [9]:
x′n = xn − εnmkαmxk − θnct +
1
2
(|εnmk|φm + εnmkθm) λk +
(
ϕn − 1
3
∑
m
ϕm
)
λn ,
ct′ = ct− βnλn − θnxn , (n,m, k = 1, 2, 3) (15)
λ′n = λn − εnmk (αm − βm)λk + βnct+
1
2
(|εnmk|φm − εnmkθm) xk +
(
ϕn − 1
3
∑
m
ϕm
)
xn ,
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no summing over n in the last terms of x′n and λ
′
n. From fifteen parameters in (15) (the five
3-angles: αm, βm, φm, θm and ϕm), due to the condition
∑
n
(
ϕn − 1
3
∑
m
ϕm
)
= 0 , (16)
only 14 are independent.
We notice that the GNC
2
-rotations (15), which affect only the 7D vector part of split
octonions, in 4D sub-space generate some kind of Poincare´ transformations. Rotations by
αn and θn represent generalized Lorentz transformation (with the Lorentz factor (5)), the
angles βn give time translations, while the hyperbolic rotations of xn by the angles φn and
ϕn towards the time-like extra dimensions λn correspond to the spatial translations [9]. Note
that 14-dimensional algebra of GNC
2
does not reduce to the exact Lorentz algebra SO(3, 1),
in fact GNC
2
has not any 6D subalgebra [13]. However, there exists the subalgebra SU(2, 1),
with the elements having similar to SO(3, 1) commutators, apart from diagonal combinations
of rotations and boosts, which commute in SO(3, 1), but not in SU(2, 1). Thus the six GNC
2
-
Lorentz-type elements do not close, what would predict new physical effects in the model, like
parity violation [9]. Another difference is that time translations are cyclic, since correspond
to the compact angles βn, while there exists some maximal spatial translations generated by
the hyperbolic angles φn and ϕn, leading to the appearance of spatial horizons.
Now let us focus on the GNC
2
-rotations which in 4D-subspace generate dilatations and
inversions. Consider mutual rotations of a pair of spatial and time-like coordinates, xn and
λn, by the hyperbolic angles, ϕn and φn, which preserve the form xnxn − λnλn. These GNC2 -
transformations correspond to the different types of coordinate transformations for the cases
listed in (6):
• In the observable regime the GNC
2
-rotations that preserve the 2D form x2 − λ2 can be
represented as:
λ′ → 2xλ
x2 − λ2 ,
x′ → x
2 + λ2
x2 − λ2 . (17)
In 4D sub-space these transformations correspond to the spatial dilatations, x′n → cxn,
with some constant c.
• For the virtual case, i.e. when λ2 exceeds x2, we have,
λ′ → x
2 + λ2
λ2 − x2 ,
x′ → 2xλ
λ2 − x2 . (18)
Since in our model the extra time-like parameters are connected with wavelengths of
particles, λn ∼ ~/pn [8, 9, 11], and the true time parameter t is not affected by the
angles ϕn and φn, in 4D the transformations (18) correspond to the spatial inversions
x′n → txn/x2.
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So linear GNC
2
-automorphisms of the octonionic 8D space in the 4D sub-space generate some
analogues to the complete non-linear conformal transformations.
At the end of the paper let us estimate the physical value of the parameter L (characteris-
tic length), which we used to define dimensionless coordinates in (11). From the inequalities
(5) and (6) it follows that in the observable regime, together with the existence of the light
horizon DH , we have the maximal wavelength,
|λn|max ≤ DH ∼ 1026 m . (19)
As it was mentioned above, in our approach elementary particles are corresponded to the
light-cone (zero-norm) signals [11]. Then GNC
2
-rotations of the (3+4)-sphere with the three
extra time-like dimensions, λn, can be viewed as a motion of a particle in the effective de
Sitter space-time,
− c2t2 + xnxn = L2 , (20)
where the constant
L = |λn|max (21)
naturally corresponds to the observed value of the 4D cosmological constant Λ,
L2 ∼ 1
Λ
∼ 1052 m . (22)
To conclude, in this paper we have studied relationships of the conformal symmetries
of the 4D Minkowski space with the transformations of the non-compact form of Cartan
exceptional Lie group G2, the main space-time group of the octonionic geometry model. It
was shown that the dimensional constant that appears in these analysis naturally corresponds
to the observed value of the cosmological constant.
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